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A challenge facing undergraduate mathematics education 



In addition to difficulties in whistling ….  

•  Significant difficulty in conceptualizing the limit processes underlying the 
notions of derivative and integral (Orton, 1980) 

•  Discrepancy between the formal definitions students were able to quote and 
the criteria they used check properties such as functions, continuity, 
derivative (Tall & Vinner, 1981) 

•  Students’ difficulties with logical reasoning and proofs (Alibert & Thomas, 
1991; Schoenfeld, 1985; Selden & Selden, 1981) 

•  Students’ difficulties in connecting graphs with physical concepts and the 
real world (McDermott, Rosenquist, & Van Zea, 1987; Rasmussen, 2001; 
Svec, 1995) 

•  Students’ difficulties in learning the basic notions of linear algebra 
and differential equations (Harel, 1989; Rasmussen, 2001) 

Carlson, M., & Rasmussen, C. (Eds.) (2008). Making the connection: Research and 
teaching in undergraduate mathematics education. Washington, DC: The Mathematical 
Association of America. 



•  Increasing number of students (with diverse cultural and academic 
backgrounds) entering university 

•  Decline in the number of mathematics majors 
•  Poor achievement in foundational courses such as calculus 
•  Need for prospective teachers to experience innovative teaching as 

learners of mathematics  
•  Opportunities for compatible rethinking of K-12 and tertiary mathematics 
•  More occasions for collaborations between mathematicians and 

mathematics education researchers 

Other Challenges (and Opportunities) in 
Undergraduate Mathematics Education 

These challenges and opportunities point to the need to explore innovative 
approaches to teaching and learning.  



An RME Inquiry-Oriented Approach 

Student inquiry 
into  

challenging  
problems 

Teacher inquiry 
into student 

thinking 

(Rasmussen & Kwon, 2007) 

A - Learn new mathematics by engaging in 
mathematical activity 

B - Affect beliefs about themselves and 
about the nature of mathematics and the 
nature of school learning 

A - Build models of student thinking 

B - Learn new mathematics 

C - Figure out what next question or 
task to pose 



Why Differential Equations? 
An important course a variety of majors 

Little educational research done in this area 

Traditional approach-organized primarily around 
analytic methods 

Modern approach-organized around 
graphical, numerical and qualitative methods 
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Strong connections with calculus and linear algebra 5 



Systematic investigations of student learning 

•  Individual interviews 
•  to probe student understanding in depth 

•  Written questions (pretests and post-tests) 
•  to ascertain prevalence of specific difficulties 
•  to assess effectiveness of instruction 

•  Descriptive and explanatory studies during instruction 
•  to provide insights to guide instructional design 
•  to examine mechanisms that underlie classroom learning 

Quantitative methods 

(Statistical analysis) 

Qualitative methods 

(Interpretative analysis) 



Research Inspired by: 

No Yes 

Consideration of use? 

Quest for fundamental 
 understanding? 

pure basic 
research 
(Bohr) 

use-inspired 
basic research 
(Pasteur) 

 pure applied  
research (Edison) 

Yes 

No 

Quadrant model of Scientific Research (Stokes, 1997) 

IO-DE 
research  



In the RME inspired IO-DE project 

•  Students (with guidance) reinvent many key 
mathematical ideas 

•  Student reinvention does take more time 
•  So what are the benefits for learners? Do they learn 

ideas more deeply? Do they retain their knowledge 
longer? Do they develop more productive 
dispositions about mathematics, about themselves, 
and their ability to do mathematics? 



•  4 different sites, N = 111 

Comparison Study 
Assessment of student learning 
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Students’ retention of mathematical 
knowledge and skills in differential equation 
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Adapting the RME heuristics of Emergent 
Model and Guided Reinvention for teaching 

The Teaching Principle:   Effective mathematics 
teaching requires understanding what students 
know and need to learn and then challenging and 
supporting them to learn it well. (NCTM, 2000) 

First contextualize this adaption in relation to national 
recommendations and common teacher dilemmas 



“To build on children’s capacities to articulate their 
observations and to generalize requires teachers who 
understand the importance of generalization and who 
command a variety of methods of justification and 
forms of representation.”  
- The Mathematical Education of Teachers, A report of the 

Conference Board of the Mathematical Sciences, 2001 

Accomplishing these ambitious national 
recommendations is no easy feat 



Ruth Heaton, an accomplished fourth-grade elementary school 
teacher, university teacher educator, and educational researcher, 
framed the challenge this way:  

I had stopped all telling and eliminated any type of evaluation of 
students’ answers.  I tried to do nothing but ask questions and 
remain neutral.  …I accepted all individual answers but was at a 
loss for how to move forward.  I was beginning to feel that math 
needed to be more than just a time to share ideas…I had begun to 
feel as if I ought to be doing something more with responses.  I was 
a teacher.  I was supposed to teach. (Heaton, 2000, p. 61, italics in 
original)   

Deborah Ball framed the dilemma in the following way: 
“How do I create experiences for my students that connect with 
what they now know and care about but that also transcend their 
present?”  (Ball, 1993)  



Pedagogical Content Tools (PCTs) 
Teaching counterpart to RME 

    
     RME heuristic                               Teaching counterpart 
 Guided Reinvention   Generative Alternatives 
 Emergent Models                  Transformational Record 

A pedagogical content tool is a device such as a graph, diagram, 
equation, or verbal statement that a teacher intentionally uses to 
connect to student thinking while moving  the mathematical 
agenda forward.  

RME to the Rescue! 



Guided Reinvention 
 Via a process of progressive mathematization students 
should be given the opportunity to reinvent mathematics 

     Discovery           GR                          Telling 
    

Generative Alternatives – a teaching counterpart to 
Guided Reinvention that helps address the teaching 
dilemma, “But what if my students don’t invent such 
and such idea or way of reasoning?” 
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Generative Alternatives 
Teacher intervention that balances between a noninterventionist 
form of practice and the assumption of total responsibility for 
intellectual work.   

Generative alternatives occur when a teacher introduces alternate 
symbolic expressions or graphical representations for the purpose 
of promoting student explanation and justifications for the validity 
of these alternatives.  



AERA 2003 19 

2 Criteria to be a Generative Alternative 

1) Furthering students’ mathematical reasoning 
2) Contributing to ongoing constitution of 

classroom norms related to argumentation 

The alternatives presented are therefore 
generative with respect to student explanations 
and justifications 



Generative Alternatives Example 

Imagine this bottle filling 
with water. Sketch a graph 
of the height of water as a 
function of the amount of 
water that is in the bottle 

Original Task 

volume 

height 



Teaching dilemma: While students negotiated reasonable graphs for the round 
portion of the bottle, few students’ graphs carefully considered the transition 
point at the neck. In order to initiate discussion around this dilemma, the 
teacher offered three options: graph A (linear graph with slope less than that at 
the transition point), graph B (linear graph with same slope at the transition 
point), graph C (linear graph that is steeper than the slope at the transition 
point).  

neck	  

C	  

A	  

B	  

volume	  

height	  

Which option is correct and why? 



Emergent Models 

+  Overarching instructional design heuristic that characterizes a 
sequence of many many lessons 

+  Global transition in which participants first develop a model-of 
their informal activity that gradually develops into a model-for 
more formal mathematical reasoning 

+  Constitution of a new mathematical reality (reification) 

In mathematics, the term model typically refers to an equation.  
For example, the equation                                              is a model 
for how the height of a ball tossed in the air varies over time. 

� 

h(t) = −9.8t2 + v0t + h0

The RME instructional design heuristic treats the term model 
more broadly 



Emergent Model Heuristic (Gravemeijer, 1999) 



Transformational Record 

 Three alterations to the Emergent Model heuristic  

+  Teaching heuristic  

+  Day-to-day level 

+  Reification (creation of a new mathematical reality) 
not required 

Transformational records are defined as notations, 
diagrams, or other graphical representations that are 
initially used to record student thinking and that are 
later used by students as tools to solve new problems.  



Two Criteria be a Transformational Record 

1) Notation introduced to record student    
reasoning, and 

2) The record was used by student to achieve 
subsequent mathematical goal 



Transformational Record Example 

Graphical predictions Pop vs time	


•  single species 	


•  reproduce continuously	


•  unlimited resources	


          P	


        10	

t	




Topics of conversation initiated by the teacher: 	


•  Is the initial slope at P = 10 and t = 0 flat or should it have 
a positive slope and why?	


•  How does the rate of change at this initial point compare 
to the rate of change at a later time and why?	


•  How does the rate of change compare to the other rates if 
the initial population was greater than what was originally 
sketched (e.g., if at t = 0, P = 20) and why?	


•  What should be the rate of change if the population at 
time  t = 0 is P = 0 and why?	




As students explained and justified their reasoning, the 
teacher recorded their thinking with something that looked 
like the figure below.   

This initial record of student thinking next becomes a tool for 
addressing new problems 

t	  

P	  

20	  

10	  



Should the rate of change, dP/dt, depend explicitly on just the 
population P, just time t, or on both P and t?  	


Bill: Ok. We're trying to find what the rate of change is.  This 
differential should tell me the rate of change.  That's the 
question.  The something that is the right side of this, uh, the 
graph, or the right side of the [rate of change] equation.  
When we looked at our [P vs. t] graphs, we all agreed that, 
when the population reaches a certain size, all the rates of 
change are going to be the same [points to the partial 
tangent vector field on the board].  Doesn't matter what time 
they reach that, that change. 	




Bill:   So, the only thing that matters was that we know what 
the population is.  It didn't matter that it took an hour for, 
after, you know, when you start out.  Let's call  it at ten 
population.  It didn't matter that the population A took an 
hour to get there.  Only that it is there.  Now that rate of 
change is such and such.  It didn't matter that it took 
population B a half hour to get there.  The point is it's at 
that number.  Now the rate of change is such.  Same with 
the next one. So that’s why I think that the only thing 
that’s important for you to find the rate of change is to 
know what the population is. I mean, then you can add 
some constants to it, whatever you want. But of P and t, 
only P of those two is important.	


The teacher’s initial record is subsequently used by students as 
a tool for reasoning 



Cathy Fosnot -  Double number line initially appeared as 
a teacher record of student thinking. Shortly thereafter 
students used the number line jump notation as a tool for 
solving problems. Much later, the double number line 
became a model-for the creation of a new mathematical 
reality (i.e., expressions as objects) 

David Webb – Engaging teaching in the design process.  
PCTs might be one way for teachers to participate in the  
design process.  

Connections to other talks at this conference 



Concluding Remarks 

•  Other types of PCTs. For example, Staples (2004) studied a ninth-grade pre-
algebra teacher and documented a productive teaching intervention referred 
to as “pressure points.” Pressure points are verbal statements that build on 
students’ current mathematical reasoning by pushing them to think in new 
ways.  

•  More generally, PCTs could be useful in professional development efforts. 
For example, policy recommendations from the NRC (2001) identify four 
different promising approaches to professional development, all of which 
“integrate the study of mathematics and the study of students’ learning so 
that teachers will forge connections between the two” (p. 385).  

•  PCTs offer specificity on two ways in which teachers might actually 
achieve this vision in their daily practice. PCTs may also prove to be a 
useful component for future models of inquiry-based teaching. As such, this 
work is both pragmatically and theoretically driven. 



The End 
Thanks for Listening 

chrisraz@sciences.sdsu.edu 

Rasmussen, C., & Marrongelle, K. (2006). Pedagogical content tools: Integrating 
student reasoning and mathematics into instruction. Journal for Research in 
Mathematics Education, 37, 388-420. 


